For Hilbert space operators A and B, let δ AB denote the generalised derivation δ AB (X) = AX − XB and let AB denote the elementary operator AB (X) = AXB−X. If A is a pk-quasihyponormal operator, A ∈ pk − QH, and B * is an either p-hyponormal or injective dominant or injective pk − QH operator (resp., B * is an either p-hyponormal or dominant or pk − QH operator), then δ AB (X) = 0 =⇒ δ A * B * (X) = 0 (resp., AB (X) = 0 =⇒ A * B * (X) = 0).
Introduction

Let B(H, K), B(H) = B(H, H), denote the algebra of operators (equivalently, bounded linear transformations) from a Hilbert space H into a Hilbert space K. Let δ AB ∈ B(B(K), B(H)), A ∈ B(H) and B ∈ B(K), denote the generalised derivation δ AB (X) = AX − XB, and let AB ∈ B(B(K), B(H)
A * B * (0) for many of these classes of operators (see [1, 2, 3, 7] and [9] for references). Recall that an operator A ∈ B(H) is said to be (p, k)-quasihyponormal, A ∈ pk − QH, for some real number 0 < p ≤ 1 and non-negative integer k (momentarily, we allow k = 0) if A * k (|A| 2p − |A * | 2p )A k ≥ 0. Evidently, a 10 − QH operator is hyponormal, a p0−QH operator is p-hyponormal, a 11−QH operator is quasihyponormal and a 1k − QH operator for k ≥ 1 is k-quasihyponormal. Recently, Kim [9, Theorem 11] has proved that if A ∈ B(H) is an injective pk − QH operator, k ≥ 1, and B * ∈ B(K) is a p-hyponormal operator, then δ −1
Using what is essentially a very simple argument, we prove in this note a more general result which not only leads to Kim's result (loc.cit.) but also gives us further similar results. Thus we prove that if A ∈ pk − QH and B * is either p-hyponormal or injective dominant or injective pk − QH, then δ −1
A * B * (0), and if A ∈ pk − QH and B * is either p-hyponormal or dominant or pk − QH, then −1
A * B * (0). We also consider operators A ∈ pk − QH for which δ A * A (X) = 0 or AA * (X) = 0 for some invertible operator X.
In the following we shall denote the closure of a set S by S, the range of T ∈ B(H) by T H or by ranT , the orthogonal complement of T −1 (0) by ker ⊥ T , the spectrum of T by σ(T ), the point spectrum of T by σ p (T ), and the class of p-hyponormal operators, 0 < p < 1, by p − H. Recall that an operator T is a quasiaffinity if it is injective and has dense range. Any other notation or terminology will be defined at the first instance of its occurrence.
Results
Let P 1 denote the class of operators A ∈ B(H) such that
where A k 22 = 0 for some integer k ≥ 1, and let P 2 denote the class of operators B ∈ B(K) such that B has the decomposition B = B n ⊕ B p into its normal and pure (= completely non-normal) parts, with respect to some decomposition K = K 1 ⊕ K 2 , such that B p has dense range. Let (P 1 , P 2 ) (resp., [P 1 , P 2 ]) denote the class of operators (A, B), A ∈ P 1 and B ∈ P 2 , such that δ
.) The following theorem is our main result.
Proof. Let the quasiaffinity X : are unitarily equivalent normal operators. Hence X 12 = 0, which since X is a quasiaffinity implies that
(ii) If AB (X) = 0, then
and
The numerical range W (T ) of an operator T ∈ B(H) is the set { T x, x : ||x|| = 1}. Recall from Embry [6] that if A and B ∈ B(H) are commuting normal operators, and if X ∈ B(H) is such that 0 / ∈ W (X) and δ AB (X) = 0, then A = B. Thus, if A is a normal operator such that δ A * A (X) = 0 for some operator X such that 0 / ∈ W (X), then A is self-adjoint. That a similar result holds for operators A ∈ p − H is proved in [9, Theorem 2] . In the following we prove an analogue of Embry's result for operators A ∈ P 1 such that δ A * A (X) = 0 or A * A (X) = 0. Let ∂D denote the boundary of the unit disc. (ii) Let A ∈ pk − QH and assume that A * A (X) = 0 for some invertible operator X. Then A is left invertible. Hence, if A has a dense range (evidently, see definition, such a pk − QH operator is a p − H operator), then A is invertible, and so σ(A) ⊆ ∂D. Since a p − H operator with spectrum in ∂D is unitary, A is unitary.
Theorem 2.2. Let A ∈ P 1 have the decomposition A = A n ⊕ A p into its normal and pure parts (alongwith the matrix decomposition above). Let
Applications. The restriction of a pk − QH operator to an invariant subspace is again a pk − QH operator. We assume in the following that 0 < p < 1 and k ≥ 1. Recall that every A ∈ pk − QH ∩ B(H) has a representation A = A 11 A 12 0 A 22
, Case AB (X) = 0. Since X is a quasiaffinity, and since 0 / ∈ σ p (A) =⇒ 0 / ∈ σ(A), the hypothesis AB (X) = 0 implies that A is an invertible phyponormal operator such that δ A −1 B (X) = 0. Applying [7, Theorem 11] , it follows that A −1 is normal, B is a scalar operator similar to A −1 and δ A * −1 B * (X) = 0 = A * B * (X).
